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1 Introduction 

A complex n-dimensional Kaehler manifold of constant holomorphic sectional curvature c is 
called a complex space form, which is denoted by M n (c). A complete and simply connected com- 
plex space form is complex analytically isometric to a complex projective space CP™, a complex 
Euclidean space C™ or a complex hyperbolic space CH n if c > 0, c = or c < respectively. 

Let M be a real hypersurface in a complex space form M„(c), c ^ 0. Then an almost contact 
metric structure (ip, £, r/, g) can be defined on M induced from the Kaehler metric and complex 
structure J on M n {c). The structure vector field £ is called principal if A£ = a£, where A is the 
shape operator of M and a = i](A£) is a smooth function. A real hypersurface is said to be a Hopf 
hypersurface if £ is principal. 

The classification problem of real hypersurfaces in complex space forms is of great importance in 
Differential Geometry. The study of this was initiated by Takagi (see [10]), who classified homoge- 
neous real hypersurfaces in CP™ and showed that they could be divided into six types, which are said 
to be of type A\, Ai, B, C, D and E. Berndt (see [1]) classified homogeneous real hypersurfaces in 
CH n with constant principal curvatures. 

The Jacobi operator with respect to X on M is defined by R(- , X)X, where R is the Riemmanian 
curvature of M. For X = £ the Jacobi operator is called structure Jacobi operator and is denoted by 
I = P(-,£)£. It has a fundamental role in almost contact manifolds. Many differential geometers 
have studied real hypersurfaces in terms of the structure Jacobi operator. 

The study of real hypersurfaces whose structure Jacobi operator satisfies conditions concerned to 
the parallelness of it is a problem of great importance. In [6] the nonexistence of real hypersurfaces 
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in nonflat complex space form with parallel structure Jacobi operator (VI = 0) was proved. In [9] 
a weaker condition (B-parallelness, where D = ker(rj)), that is Vxl = for any vector field X 
orthogonal to £, was studied and it was proved the nonexistence of such hypersurfaces in case of 
CP™ (n > 3). The £-parallelness of structure Jacobi operator in combination with other conditions 
was another problem that was studied by many authors such as Ki, Perez, Santos, Suh ([4]). 

The Lie derivative of the structure Jacobi operator is another condition that has been studied 
extensively. More precisely, in [7] proved the non-existence of real hypersurfaces in CP™, (n > 3), 
whose Lie derivative of the structure Jacobi operator with respect to any vector field X vanishes (i.e. 
Lxl = 0). On the other hand, real hypersurfaces in CP™, (n > 3), whose Lie derivative of the 
structure Jacobi operator with respect to £ vanishes (i.e. L^l = 0, Lie ^-parallel) are classified (see 
[8]). Ivey and Ryan in [3] extend some of the above results in CP 2 and CP 2 . More precisely, they 
proved that in CP 2 and CP 2 there exist no real hypersurfaces satisfying condition L\l = 0, for any 
vector field X, but real hypersurfaces satisfying condition L^l = exist and they classified them. 
Additional, they proved that there exist no real hypersurfaces in CP™ or CP™, (n > 3), satisfying 
condition Lxl = 0, for any vector field X. 

Following the notion of [8], the structure Jacobi operator is said to be Lie ^-parallel, when the 
Lie derivative of it with respect to any vector field XeB vanishes. So the following question raises 
naturally: 

"Do there exist real hypersurfaces in non-flat A^ic) with Lie V>-parallel structure Jacobi opera- 
tor?" 

In this paper, we study the above question in CP 2 and CP 2 . The condition of Lie O-parallel 
structure Jacobi operator, i.e. Lxl = with X e D, implies: 

Vx(lY) + lV Y X = V tY X + lVxY, (1.1) 

where Y e TAP 

We prove the following: 

Main Theorem: There exist no real hypersurfaces in CP 2 and CP 2 equipped with Lie D- 
parallel structure Jacobi operator. 

2 Preliminaries 

Throughout this paper all manifolds, vector fields e.t.c are assumed to be of class C°° and all 
manifolds are assumed to be connected. Let M be a connected real hypersurface immersed in a 
nonflat complex space form (Af„(c), G) with almost complex structure J of constant holomorphic 
sectional curvature c. Let N be a locally defined unit normal vector field on M and £ = —JN. For 
a vector field X tangent to M we can write JX = (p(X) + rj(X)N, where ipX and r](X)N are the 
tangential and the normal component of JX respectively. The Riemannian connection V in M„(c) 
and V in M are related for any vector fields X,Y on M: 

V Y X = Vyl + g(AY, X)N 

V X N = -AX 
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where g is the Riemannian metric on M induced from G of M n (c) and A is the shape operator of M 
in M n (c). M has an almost contact metric structure (tp, £, rf) induced from J on M n (c) where ip is a 
(1,1) tensor field and 77 a 1-form on M such that ([2]) 

g{<pX, Y) = G(JX, Y), r,(X) = g(X, = G(JX, N). 

Then we have 

cp 2 X = -X +v(X)£, V ocp = 0, <pi; = 0, 37(C) = 1 (2.1) 
g(<pX, <pY) = g(X, Y) - V (X) V (Y), g(X, ipY) = -g(<pX, Y) (2.2) 

V x £ = <pAX, (V X <P)Y = r)(Y)AX - g(AX, Y)£ (2.3) 

Since the ambient space is of constant holomorphic sectional curvature c, the equations of Gauss 
and Codazzi for any vector fields X,Y,Z on M are respectively given by 

R(X, Y)Z= C - [g(Y, Z)X - g(X, Z)Y + g(<pY, Z)yX (2.4) 

-g(tpX, Z)tpY - 2g((pX, Y)ipZ] + g(AY, Z)AX - g(AX, Z)AY 

(V X A)Y - (V Y A)X = Z[r,(X)<pY - f]{Y) V X - 2g(<pX,Y)£,] (2.5) 

where R denotes the Riemannian curvature tensor on M. 

Relation (2.4) implies that the structure Jacobi operator I is given by: 

IX = - [X - ri(X)£] + a AX - r](AX)A£ (2.6) 

For every point P e M, the tangent space TpM can be decomposed as following: 

T P M = span{£} © ker(rj), 

where ker{rf) = {X e TpM : rj(X) = 0}. Due to the above decomposition,the vector field A£ 
can be written: 

A£ = a£ + 0U, (2.7) 
where j3 = and U = — jjtp'V^t; e ker{rj), provided that /3 ^ 0. 

3 Some Previous Results 

Let M be a non-Hopf hypersurface in CP 2 or CH 2 (i.e. M2(c), c ^ 0). Then the following relations 
holds on every three-dimensional real hypersurface in M^{c). 

Lemma 3.1 Let M be a real hypersurface in M2(c). Then the following relations hold on M: 

AU = 7U + 6ipU + £6 AipU = 5U + fitpU, (3.1) 
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Vu^ = -SU + jcpU, V vU £ = -pU + S^U, V& = p<pU, (3.2) 

VuU = KnpU + 6£, W vU U = K 2 ipU + (4, V^U = n 3 (pU, (3.3) 

Vu<pU=-KiU-<Yt, V vUV U = -k 2 U -5£, \7{<pU = -K3U - 0t, (3.4) 
where 7, 8, fi, Ki,K2, k 3 are smooth functions on M. 
Proof: Let {U, tpU, £} be an orthonormal basis of M. Then we have: 

AU = 7*7 + SipU + p£ AipU = SU + fiipU, 

where 7, S, (j, are smooth functions, since g(AU, £) = g(U, A£) = f3 and g(AipU, £) = g((fiU, A£) = 
0. 

The first relation of (2.3), because of (2.6) and (3.1), for X = U, X = ipU and X = £ implies 
(3.2), owing to (2.7). 

From the well known relation: Xg(Y, Z) = g(V x Y, Z) + g(Y, V X Z) for X, Y, Z e {£, U, ipU} 



we obtain (3.3) and (3.4), where K\, k 2 and K3 are smooth functions. □ 
Because of Lemma 3.1 the Codazzi equation implies: 

Uf3-^ = aS-26n 3 (3.5) 

£,5 = cry + (3ki + S 2 + fj,K3 + - — 7/A — 7«3 - 1 (3.6) 

Ua-Z/3 = -3/3(5 (3.7) 

£/i = a8 + (3k 2 - 2Sn 3 (3.8) 

(ipU)a = a(3 + /3n 3 -3f3fi (3.9) 

{<pU)0 = 07 + /Ski + 25 2 + | - 2 7 /i + a/i (3.10) 

U5-((pU)-y = /iKi - K17 - £7 - 2<5k 2 - (3.11) 

Ufj,-(ipU)S = jk 2 + f3S - K 2 fi-25ni (3.12) 

We recall the following Proposition ([3]): 



Proposition 3.2 There does not exist real non-fiat hypersurface in M 2 {c), whose structure Jacobi 
operator vanishes. 

4 Auxiliary Relations 

If M is a real non-flat hypersurface in CP 2 or CH 2 (i.e. M 2 (c), c 7^ 0), we consider the open subset 
W of points P e M, such that there exists a neighborhood of every P, where (3 = and ]\f the open 
subset of points Q e M, such that there exists a neighborhood of every Q, where /3 ^ 0. Since, (3 
is a smooth function on M, then W U N is an open and dense subset of M. In W £ is principal. 
Furthermore, we consider V, il open subsets of N: 

V = {Q e N : a = in a neighborhood of Q}, 

Cl = {Q e N:«^0 m a neighborhood of Q}, 
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where V U fl is open and dense in the closure of 3\T. 

Proposition 4.1 Let M be a real hypersurface in M%(c), equipped with Lie O-parallel structure 
Jacobi operator. Then, V is empty. 

Proof: Let {U, cpU, £} be an orthonormal basis on V. The following relations hold, because of 
Lemma 3.1 

AU = j'U + 5'ipU + ^, AipU = 5'U + fj,'tpU, A£ = /3U (4.1) 
Vui = -6'U + j'<pU, V v ut=-v'U + 5'(pU, V 6 Z = /3cpU, (4.2) 

VuU = K[ipU + <J'£, V vU U = k' 2 <pU + n't, V e U = K ' 3 <pU, (4.3) 

VufU = -k[U -7'C, V v upU = -k' 2 U -5'£, V c tpU = -k' 3 U - /3£, (4.4) 

where 7', 8', //, k' x , k^i k 3 316 smooth functions on V. 

From (2.6) for X = U and X = ^?C7, taking into account (4.1), we obtain: 

lipU = %pU Itf = (| - /3 2 )U. (4.5) 

Relation (1.1) , because of (4.2), (4.3) (4.4) and (4.5) implies: 

8' = 0, for X = <pU and Y = £ (4.6) 
-/3 2 ) = 0, for X = v?f7 and Y = £ (4.7) 
^ = y ; fbr X=U and Y = f. (4.8) 

On V, relations (3.5)-(3.12), taking into account (4.6), become: 

+ 5 = 7V + V4+/3 2 (4.9) 
4 = 3/i' (4.10) 
(^C7)/3 = /3K / 1 + |-2 7 y (4.11) 

(vjCOV = kW + H + W -y!>A- ( 4 - 12 ) 

Due to (4.7), we consider the open subsets V: 

Vi = {P e V : /3 2 y — in a neighborhood of P}, 

V'i = {P e V : (3 2 = — in a neighborhood of P}, 

where Vi U V[ is open and dense in the closure of V. So in Vi we obtain: fjf = k 3 . 

On Vi, because of relations (4.8) and (4.10), we obtain y! = k 3 = 7' = 0. 

Relation (1.1), for X = U and F = ptf, due to (4.3), (4.4) and (4.5), implies: k[ = 0. 
Substituting in (4.9) n' = k 3 = 7' = Kj = 0, leads to: fi 2 = |, which is impossible on Vi. So Vi 
is empty and f3 2 = | holds on V. 

On V, because of (4.8) and (4.10), we have 7' = k' 3 = 3u'. Substituting the last two relations in 
(4.9), implies: /3k[ = 9/i' 2 . Differentiation of /3 2 = | with respect to ipU and taking into account 
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(4.13), 7' = 3/i' and /3k'i = 9// , yields: c = — 6// 2 , which is a contradiction because B 2 = |. 
Hence, V = 0. □ 

In what follows we work in O. 

By using (2.6), because of (3.1), we obtain: 

IV = (^ + a 1 - B 2 )U + aS<pU lipU = a5U + (a/1 + ^)ipU (4.13) 

Relation (1.1) because of (3.2), (3.3) and (3.4) implies: 

S(an 3 + | - B 2 ) = for X = U and Y = £ (4.14) 

(| + a/ti)(« 3 - 7) + aS 2 = for X = U and Y = £ (4.15) 

(| + a 7 - /3 2 )(u - k 3 ) - a<S 2 = for X = ipU and Y = £ (4.16) 

(5(aK 3 + ^) = for X = tpU and Y = £ (4.17) 

Due to (4.17), we consider the open subsets Oi and fij of f2: 

^1 = {Q e ^ : <5 7^ in a neighborhood of Q}, 

ill = {Q e ^ : <5 = in a neighborhood of Q}, 

where Sli U is open and dense in the closure of ft. 

In fii, from (4.14) and (4.17), we have: 8 = 0, which is a contradiction, therefore J7i = 0. Thus 
we have: 5 = in SI and relations from Lemma 3.1, (4.13), (4.15) and (4.16) become respectively: 



AU = jU + 0£, ApU = [«pU, A£,=a^ + /3U (4.18) 

Vut = ~f<pU, V v ut=-nU, V£ = foU (4.19) 

V V U = Kx<pU, VyuU = n 2 ipU + (4, V{[/ = K 3 ipU, (4.20) 

Vu<pU = -KiU-rt, \7 vUV U = -k 2 U, VwU = -K Z U-PZ, (4.21) 

IU= (^+a-/-p 2 )U ItpU = (an + ?-)<pU (4.22) 

(^+«7-/3 2 )(/i- K3 ) = (4.23) 

(|+aM)(«3-7) = 0. (4.24) 

Owing to (4.23), we consider the open subsets O2 and 2 of SI: 



^2 = {Q e ft : n ^ K3 in a neighborhood of Q}, 

Sl 2 = {Q e ft : fi = K3 in a neighborhood of Q}, 

where Sl 2 U S7 2 is open and dense in the closure of fi. 
So in Sl 2 , we have: 

B 2 c 

7 = and (4.21) implies: IU = 0. (4.25) 

a 4a 
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Due to (4.24) we consider SI21 and Q! 21 the open subsets of f^: 

Q 

^21 = {Q e ^2 '■ /-<■ = —-. — in a neighborhood of Q\ 1 

4a 

Q 

^21 = {Q 6 ^2 : /1/ a neighborhood of Q\, 

4a 

where O21 U f2 2 i is open and dense in the closure of SI2 ■ So in f^i, (4.22) implies: lipU = 
and because of Proposition 3.2 we obtain f^i = 0, thus in fl 2 , we have p ^ — ^ and as a result: 
l(pU 7^ 0. Furthermore, because of (4.24) k 3 = 7. 

Lemma 4.2 Let M be a real hypersurface in M 2 (c), equipped with Lie J}-parallel structure Jacobi 
operator. Then £l 2 is empty. 

Proof: On Q 2 , relation (1.1) forX = cpU and Y = U owing to (4.20) and (4.21) implies: n 2 ltpU = 
0. So k 2 = 0. Due to the last, relations (3.8) and (3.12) imply: 

Up, = £p = 0. (4.26) 

Relation (1.1) for X = U and Y = yU taking into account (4.20), (4.21), (4.22) and (4.25) 
implies: p = —7 and n\ = 0. Substitution in (3.6) of the relations which hold on Vl 2 implies: 7 = 
and this results in: /3 2 = |. Differentiation of the last with respect to ipU , because of (3.10) leads to 
c = 0, which is a contradiction. This completes the proof of the present Lemma. □ 

Summarizing, in fl we have : 6 = and p = K3. Due to (4.24), we consider f2 3 and £1' 3 the open 
subsets of fi: 

^3 = {Q s Q : a ^ in a neighborhood of Q\, 

Act 

Q 

^3 = {Q e ^ : l l — * n a neighborhood of Q}, 

4a 

where U fl' 3 is open and dense in the closure of ft. Since p ^ — due to (4.22) and (4.24) we 
obtain: lipU ^ and 7 = /i = K3, in il 3 . 

Lemma 4.3 Let M be a real hypersurface in M 2 (c), equipped with Lie O-parallel structure Jacobi 
operator. Then ^3 is empty. 

Proof: In SI3 relations (3.6), (3.9), (3.10) and (3.11) become respectively: 



a 7 + /3 Kl + - = /3 2 +7 2 (4-27) 

(tpU)a = af3~2f3~/ (4.28) 

(<pU)[3 = 2a 7 + /8«i + I - 2 7 2 (4.29) 

{<pU)n={!pU)l = 3/3 7 - (4-30) 



Relation (1.1) for X = F = <^[7, because of (4.22), (4.28) and (4.30) implies: 7 (2a - 7) = 0. 
Owing to the last relation, we consider ^31 and fl 31 the open subsets of O3: 

^31 = {Q e ^3 : 7 ^ m a neighborhood of Q}, 

^31 = {Q e ^3 : 7 = in a neighborhood of Q}, 
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where Q31 UQ' 31 is open and dense in the closure of SI3. In SI31, 7 = 2a. Differentiation of the latter 
with respect to <pU and taking into account (4.28) and (4.30) leads to: a/3 = 0, which is impossible. 
So Q31 is empty. 

Resuming on SI3 we have: 7 = /t = K3 = and relation (3.8) implies: K2 = 0. Relation (1.1) 
for X = U and Y = tpU, because of (4.20), (4.21) and (4.22) yields: m = and so relation (4.27) 
implies: (3 2 = |. Differentiation of the last along ipU and because of (4.29) leads to c = 0, which is 
a contradiction and this completes the proof of Lemma 4.3. □ 



So on SI the following relations hold: 

5 = 0, fj, = k 3 = 

and relation (4.22), because of the last one implies: lipU = 0. 

Relation (1.1), for X = U and Y = ipU, because of (4.20) and (4.21) implies: k x IU = 0. So 
Ki = 0, due to Proposition 3.2. 

Due to the above relations, on SI relations (3.9), (3.10) and (3.11) become respectively: 

(ipU)a = a/3+f- (4.31) 
2a 

(cpU)P = "7+g + | (4-32) 
(ipUh = 07 -|2 (4.33) 
Relation (1.1) for X = ipU and Y = U taking into account (4.20), (4.21) and (4.22) yields: 

(ipU)(^ + ai -f3 2 ) = (4.34) 
«2(^ + «7-/3 2 ) = (4.35) 
{^ + l){^ + a 1 -l3 2 ) = 0. (4.36) 

Due to (4.35), we consider: SI4 and il' 4 the open subsets of SI: 

SI4 = {Q e SI : — + «7 — /3 2 = in a neighborhood of Q}, 

SI4 = {Q e il : — + a"f — (3 2 ^ in a neighborhood of Q}, 

where SI4 U Sl 4 is open and dense in the closure of SI. So in SI4 we have: 7 = £- — and because 
of (4.22) IU = 0, which is impossible due to Proposition 3.2. Therefore, SI4 = 
So in SI we have: K2 = and relation (4.36) implies: /x = —7. 

Lemma 4.4 Let M be a real hypersurface in M2 (c), equipped with Lie Hi-parallel structure Jacobi 
operator. Then SI is empty. 

Proof: In Q relations (3.8) and (3.12) yields: Ua = £a = 0. 
Using the above relations, we obtain: 

[U, £}a = U£a - £Ua = 0, 

[U,£]a = (W£ - W € U)a = ^&U)a. 
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Combining the last two relations and taking into account (4.31), we have: c = —2a 2 and so [i = % 
and 7 = — Relation (4.33), because of (4.31) and the last two relations imply: a = 0, which is 
impossible in fl This completes the proof of Lemma 4.4. □ 

We lead to the following due to Lemmas 4. 1 and 4.4: 

Proposition 4.5 Every real hypersurface in M2(c), equipped with Lie H-parallel structure Jacobi 
operator is a Hopf hypersurface. 

5 Proof of Main Theorem 

Since M is a Hopf hypersurface, due to Theorem 2.1, ([5]) , we have that a is a constant. We 
consider a unit vector field Z e ker{rf), such that AZ = XZ, then AipZ = i/ipZ. Then {£, Z, ipZ} 
is an orthonormal basis and the following relation holds on M, (Corollary 2.3, [5]): 

Af=f(A + i/) + | (5.1) 

The relation (2.6) implies: 

lZ={^ + a\)Z ItpZ = {^ + av)tpZ (5.2) 

Relation (1.1) for X = Z and Y = cpZ and for X = tpZ and Y = Z, because of (5.2) and taking 
the inner product of them with £ implies respectively: 

(A + i/)(|+ai/) = (5.3) 

+ A)(|+aA) = (5.4) 

I. Suppose that a^O. 

Due to (5.3) and (5.4), we consider the open subset of M: 

Mi = {P e M : A ^ —v in a neighborhood of P}. 

Because of (5.3) and (5.4) in Mi we have A = v = In Mi (5.1) yields c = 0, which is a 

contradiction. Therefore, Mi = 0. 

Hence, in M we have: A = —v. Substitution of the latter in (5.1) implies c = — 4A 2 . From the 
last relation we conclude that: c < and A = constant. The only hypersurface that we have in this 
case is of type B in CH 2 . Substituting the eigenvalues of this hypersurface in A = — v leads to a 
contradiction. 

II. Suppose a = 0. 

Relation (5.3) implies A = — v and so from relation (5.1) we obtain: c = — 4A 2 . From the last 
two relations, we conclude that the only case which occurs is that of a real hypersurface in CH 2 
with three distinct constant eigenvalues. So it should be of type B in CH 2 , but for such hypersurface 
a can not vanish. So we lead to a contradiction and this completes the proof of our main theorem. 
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